Anomalous spin transport in a two-channel-Kondo quantum dot device 
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We study the response of a two-channel Kondo quantum dot device proposed by Y. Oreg and D. Goldhaber- 
Gordon [Phys. Rev. Lett. 90, 136602 (2003)] to a spin-bias applied across one of its channels formed by 
Fermi liquid reservoirs weakly coupled to a spin-1/2 quantum dot. When the temperature T < Tk, the Kondo 
temperature of the device, the spin conductance depends on the Kondo coupling of the dot spin to the other 
channel in an anomalous manner. For isotropic Kondo couplings to the two channels the spin conductance is 
quantized for T <C Tk characterizing the two-channel Kondo fixed point. On the other hand, for anisotropic 
couplings a crossover energy scale Ta 7^ determines the temperature T <^ Ta when the spin conductance 
vanishes indicating one-chaimel Kondo behavior. 



The Kondo effect''^ is a well understood problem in con- 
densed matter physics, and its experimental realization2iliSi&2i& 
in quantum dot systems allows for a detailed investigation of 



several of its interesting theoretical feature; 
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usmg trans- 



port measurements. The low-bias transport properties of an 
odd-electron quantum dot weakly coupled to two Fermi liq- 
uid reservoirs have been well described by the physics near 
one-channel Kondo fixed point'^: When charge fluctuations 
in the dot can be neglected, the odd-electron spin of the quan- 
tum dot hybridizes with a single electron channel formed by a 
linear combination of electrons from the two reservoirs. The 
physics of multi-channel Kondo has, however, not been ob- 
served in such systems, although there have been a few the- 
oretical proposals for observing two-channel Kondo physics 
in a non-equilibrium situation When a large source- 

drain bias introduces decoherence between electrons in differ- 
ent reservoirs, so that they can be treated as two independent 
channels interacting with the spin of the quantum dot. Perhaps 
the most promising realization of the two-channel Kondo be- 
havior in equilibrium is provided by an experimental set-up 
in which the quantum dot is coupled to two electron chan- 
nels which have sufficiently strong repulsive electron-electron 
interactions to inhibit transfer of electrons from one channel 
to another The importance of electron-electron interactions 
in stabilizing the two-channel Kondo fixed point, in the case 
when the channels are two identical Luttinger liquids, was first 
discussed in Ref. and later, in the context of a quantum dot 
embedded in a carbon nanotube, in Ref. 17. The recent exper- 
imental proposal by Oreg and Goldhaber-Gordon, Ref. 18, of 
a modified single-electron transistor to observe two-channel 
Kondo physics, is based on similar ideas in an experimentally 
realizable geometry: An odd-electron quantum dot connected 
to a Fermi liquid reservoir, and also to a larger quantum is- 
land (see Fig.0. A sufficiently large charging energy Ec of 
the quantum island inhibits particle transfer to and from the 
Fermi liquid reservoir leading to two-channel Kondo behav- 
jQjiSji9 Yv}jgij T <C i?c- This set-up allows for charge transport 
measurementg^'^to be made using the Fermi liquid reservoirs 
of the device. Furthermore, as recent experiments reported 
in Ref. ^l] have realized a "spin battery", the two-channel 
Kondo device can be probed by spin transport as well. The 
"spin battery", which works by using adiabatic pumping of a 
chaotic cavity, provides a source for spin-bias which is con- 
trolled by the pumping frequency^^ and by spin-orbit interac- 



Quantum island 




FIG. 1: Single electron transistor device of Ref. fl^ . The two chan- 
nels that hybridize with the dot are: (i) quantum island, and (ii) a 
linear combination of the electron channels '5; and of the two 
Fermi liquid reservoirs. 



tion effects^-' in the cavity. 

The two-channel Kondo model that describes the low en- 
ergy physics in the above mentioned system has several dis- 
tinctive «o«-Fermi liquid features: (i) a logarithmic temper- 
ature dependence of the specific heat and magnetic suscepti- 
bity, (ii) a non-zero ground state entropy of magnitude ^ In 2. 
A simple description that captures these features is given in 
the language of abelian bosonization^'*-^^-^^-^^ by introducing 
new spinor excitations that are non-locally related to the con- 
duction electrons. In the treatment of Ref. '25, the Hamilto- 
nian at the fixed point is written in terms of C-spinor degrees 
of freedom and a local fermion d representing the spin im- 
purity. The entropy of the ground state that develops below 
the Kondo temperature, is associated with a local real (Majo- 
rana) fermion d + d) that decouples from the conduction sea 
at the two-channel Kondo fixed point. The C-spinor of the 
"spin-flavour" sector couples to the local Majorana fermion 
i [dt — d] only through the linear combination Cx + . The 
strength of this coupling is determined by the Kondo temper- 
ature Tk. This effective coupling implies that the phase vari- 
able Ox (conjugate to the difference in the number of spins be- 
tween the two channels Nx) is fixed at the bottom of a cosine 
potential well with a depth Tk- As a result, when the coupling 
is sufficiently strong {Tk ^ T), eigenstates of the fixed point 
Hamiltonian contain phase coherent superpositions of states 
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with the same number of total spin but different numbers of 
spins in the two channels^^. 

In this paper anomalous effects are shown in spin trans- 
port in the aforementioned quantum dot system, because of 
non-Fermi liquid physics near the two-channel Kondo fixed 
point. The predicted effects are: (i) A perfect spin con- 
ductance for isotropic Kondo coupling to the two channels, 
when the charge conductance is made negligible by asymmet- 
rically coupling the right and left Fermi liquid reservoirs to 
the quantum dot. (ii) A sharp change from spin conducting to 
spin insulating behavior when the Kondo couplings are made 
anisotropic, i.e., there exists an anisotropy-dependent energy 
scale Ta such that for T <^ Ta the system has vanishing 
spin conductance. Based on the picture mentioned above, a 
heuristic understanding of this behavior may be arrived at as 
follows. When Ta — Q and Ox is a good quantum operator, 
a spin-bias A across one of the channels transforms the phase 
9x 0x+A</2. In the phase representation the current oper- 
ator is dtOx/'^T^, and we immediately obtain a quantized spin- 
conductance in units of ft/ Att. In the presence of anisotropy in 
the Kondo couplings, the ground state of the system is qualita- 
tively different: the strongly coupled channel forms a singlet 
with the dot-spin, and 6x is no longer a good quantum opera- 
tor. Therefore, the system is a spin insulator for energy scales 
below Ta, determined by the channel anisotropy. In what fol- 
lows, we derive these results. 

The modified single electron transistor can be described in 
terms of electron channels in the two Fermi liquid reservoirs 
'^i,r{x) and in the large quantum island ^2(2:) (see Fig.[0, 
that hybridize with the spin- 1/2 quantum dot. As we are in- 
terested in the low-energy physics, we linearize the electron 
excitation spectrum, and using open boundary conditions at 
the site of the single electron transistor {x = 0) write the 
fields as chiral left-moving fermions. Only a linear combi- 
nation 'il^i{x) — \I>i(x)sin0o + ^'r(a;) cos 6*0 couples to the 
spin of the quantum dot at x = 0, while the independent field 
ipo{x) = ^i(x) COS 00 ~ ^r(a^) sin 00 decouples-". The angle 
00 = tan~^ [ti/U] is dependent on the (real) tunneling ampli- 
tudes to the left (ti) and right (tr) Fermi liquid reservoirs. 

The low-energy behavior of the above mentioned device, 
when the charge fluctuations in the quantum island are ne- 
glected, is that of the two-channel Kondo problem.'^ ''. In 
terms of chiral (left moving) Dirac fermions ^/^^ ^(a:)^^^ we 
can write the Hamiltonian (h = 1): 




j=l,2 era' 

Here, ;S represents the spin- 1/2 degree of freedom of the quan- 
tum dot, T are the Pauli matrices, and v is the Fermi velocity. 
Applying a spin chemical potential difference A between the 



right and left Fermi liquid leads adds a term 

= ^ E % [^'- - ^r.] , (2) 
rL/2 

Ni^ = / dx^i^{x)'fi^{x), (3) 

to the Hamiltonian H in Eq. Q. This can be written in terms 
of the operator ipi that couples to the spin of the dot, and the 
free field ipo, using the relation: 

Ni^ - Nra = cos26lo [A^i^ - A^o^] - sin26'oiVoia, (4) 
Noia = j dx[',jjl^{x)iPia{x)+H.c]. (5) 

Having chosen the spin quantization axis, we use abelian 
bosonization to calculate the spin current. The four chiral 
fermions 'ijjja [x) can be written in terms of chiral bosons (pj^: 

\/27rao 

Here w/aq is the bandwidth, iVjcr counts the change in the 
number of electrons with spin a in channel j with respect to a 
free electron ground state, Qj„ is its conjugate phase operator, 
L/2 is the length of each channel, and the cocycles Xjo ^i"^ 
required to satisfy the relations: {Xio-i Xj'cr'} = '^^jj'^aa'- It 
is clear from the form of 7i that it can be written entirely in the 
spin sector (involving only the bosonic fields <^j^ — (f>ji). The 
only term that couples spin fields to the charge fields {(f) + 
(f>jl) is the iVoio- term in the external perturbation H\. 

In the experimental set-up the parameter 6*0 can be made 
small. As a result it is convenient to write the spin current 
operator Igp as a sum of two distinct contributions: 

Isp = —T^ANia - Nra] = In + loi (7) 
In = cos20o^^E^-^i- (8) 

cr 

loi = sin20o^^E^-[^^>i- + ^-^-] (9) 

(T 

It is important to note that the two-channel Kondo Hamilto- 
nian II) has spin- and charge- sectors separated, and also that 
the field ipo does not couple to the dot spin. Therefore, the 
spin current (/gp) can only depend on even powers of sin 200. 
This is easy to see for (In), since In depends only on the spin 
sector the lowest order contribution is quadratic in V sin 200- 
For (/oi), the lowest order contribution is from Nqi term of 
Hx- This is apparently of order V sin^ 20o, however, it can 
easily be shown to vanish^". It follows then, that there is no 
contribution to the zero bias conductance upto terms of order 
sin^ 200. Therefore, if one arranges the experimental set-up 
such that sin 0o <C 1, we can neglect these contributions alto- 
gether As we show below, the remaining dominant contribu- 
tion to the spin current shows scaling behavior with temper- 
ature and externally applied spin bias A. The 0o independent 
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spin current is in marked contrast to the charge current (in re- 
sponse to a charge-bias) that has been shown to have a peak 
value of 2e^//isin^ 20cr&. In what follows, we shall calcu- 
late the spin current (/gp) in response to the externally applied 

bias H\ = \-^N\c!- We begin by introducing charge 
(c), spin (s), flavour (f), and spin-flavour (X) bosons: 



c(s) 



J = l,2 



(10) 



Similar relations hold for defining the corresponding zero- 
mode number iVc.s.f.x and phase operators dc,s,i,x- The 
physics near the two-channel-Kondo fixed point is conve- 
niently described in terms of a new basis of C-spinors^^iS^: 



y/2TTao 



(11) 



where a — c,s, f , X. Following Ref. j24|], a unitary transform 
U = exp[iS'^$s(0)] yields the Hamiltonian H' = UUW 
which has spin (s) and spin-flavour (X) sectors decoupled 
from the charge (c) and flavour (f) sectors. The Hamilto- 
nian Ti,' can be written in terms of the C-spinors and the local 
fermion d ~ Xse*^=5^, where 6s is the phase conjugate to the 



total spin number operator Ns, 



unu'' 
r Ji 



'c\{x)d,Cx{x)+Cs{x)d^Cs{x) 



=dCl(0) 



J2 



dCx{0) + H.c 



} 



\ [Ji + J-2- 4H [d^d~ \] : Cl{Q)CM 
\[Ji~J2] [Jtrf-i] :C^(0)Cx(0): 



(12) 



In the absence of channel anisotropy Ji = J2, the above 
two-channel Kondo system flows to a fixed point with the 
critical coupling [Ji + J2]/2 = J* = 27r?;fi^i2& which gives 
the Kondo temperature J* / \/27ra = \/Tk, where u/a is the 
reduced bandwidth. We restrict our attention to the effec- 
tive Hamiltonian H2CK that contains all the relevant (in the 
renormalization group sense) operators near the two-channel 
Kondo fixed point^^. This can be conveniently written by in- 
troducing Majorana (real) fermions 

a = — 



iV2 



V2 



Va 



[Cx{x) + cUx)] [Cx{x)~cU^ 

1 Vb = 7^ (Ij) 



V2 ' V2 

The effective Hamiltonian: 

7Y2CK = ^ Jdx ^ rjj{x)[ivdx]ri3{x) 

j=a,b 

- aria{0)~i2^/T^brjh{0), (14) 



valid for energy scales below the Kondo temperature Tk, also 
contains the crossover energy scale associated with channel 
anisotropy Ta- This energy scale is related to the Kondo cou- 
plings in Eq. Q as^o Ta - [2ttv{Ji - J2)/(Ji + J2??Tk. 
The external spin-bias in the basis of C-spinors 



X A 2 2 



(15) 



where Nx — J dx : Cl({x)Cx{x) : and = —idb in 
terms of the local Majorana fermions. The corresponding spin 
current operator is 



, + 1 



Nx + idb 



(16) 



A transformation Cx C'^^e*'^''^^"*^/^ removes the first 
term of H'^, and corresponds to a change in the chemical po- 
tential of the Cx fermions. We will calculate the energy de- 
pendent phase shift of these fermions as they scatter off the 
local Majorana fermions. As these are left-movers we choose 
the incoming states to the right of the impurity (x > 0). The 
equations of motion of these fermions are: 

dtVaix) = vdxTiaix) + S{x)\/T^d (17a) 
dtd = ~^Xb - 2^rja{0) (17b) 

dtb = +^Xd + 2^/j\r]biO) (17c) 



(18a) 
(18b) 



Integrating across the impurity gives us: 

2^/T^d = 77a(0")-?7a(0+) 

2^b = 77,(0+) -77fc(0-) 

2dtd = -Afe-2V7Vk(0+) + ?7a(0-)] (18c) 
2dtb = Xd + 2^[r]bi0+)+Vb{0-)] (18d) 

Introducing the scattering matrix S allows us to write the out- 
going fields near the impurity 



r]Y 



=a,fc(0 ^ y^^SYY'{k)'l]Y',k 



(19) 



Y'=a,b k 



where riY,k is the fc-th mode of the incoming field ?7i'(0^ 
Using this ansatz in Eqs. ( I18> we obtain: 



f20) 




The scattering phase shift of the Cx fermion at the two- 
channel Kondo fixed point (when = = A) is easily 
verified to be (^^(fc — 0) = tt, (5, — 0, in accordance with 
Ref. L25»l . The spin current M6\ can be written in terms of the 
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FIG. 2: Differential spin conductance g^p as a function of tempera- 
ture for three different values of the channel anisotropy energy scale 
Ta- Two-channel Kondo behavior is evident for Ta T <^ Tk, 
while one-channel Kondo behaviour for T <C Ta- 



incoming and outgoing fields at the impurity, using ( I18> . and 
evaluated at finite bias and temperature: 



^ J dkRe[S:,Stb-l-\Sab\^] 



4tt 

X [fivk-X/2)^fivk + X/2)]^ 



(23) 



Here f{x) is the Fermi function, and the integral is limited 
by the upper momentum cut-off Tk/v. At the two-channel 
Kondo fixed point (Ta = 0) the current at low bias A <C Tk, 



A 



A 



(-^'^p) = 7Z9sp = -TT / '^'^ sin — 



An 



Aw 



Sa \ df{vk) 



dk 



9s 



ttT \2 ttT 



.(24) 



3 \2Tk 

Here ^'{x) is the derivative of the psi function, and the last 



expression is valid for T <C Tk- The quantized spin con- 
ductance is the signature of the two-channel Kondo fixed 
point. Deviations from the fixed point, because of Ta 7^ 
and also because of an external magnetic field at the quantum 
dot site, decrease the zero-bias spin conductance: At T = a 
non-zero Ta leads to a vanishing zero-bias conductance, while 



5sp 



dk sin 



T 



dfjvk) 
dk 



, forr<TA<rA(25) 



The full temperature dependence is plotted in Fig.|2l 

The role of local magnetic field is similar to that of channel 
anisotropy. The zero-bias spin conductance in the presence of 
a local magnetic field with Zeeman energy Xh is obtained by 
replacing the spin-bias A ^ A;, in the phase shifts da,b- The 
Zeeman energy corresponding to the crossover energy Ta is 
then found to he Xh ~ ^/TaTk- Note that we have shown the 
zero temperature behavior of spin conductance to be identical 
to that of the impurity entropy^''. Therefore, the presence of a 
degenerate ground state at the two-channel Kondo fixed point 
implies perfect conductance. Also, note that the temperature 
dependence of the spin conductance in this device, for Ta ~ 
0, is similar to that of charge conductance in a one-channel 
Kondo set-up'^, /.e., in the absence of the quantum island. 

In conclusion, we have calculated the spin current through 
the two-channel-Kondo quantum dot device of Ref . 1 8 for 
temperature and spin-bias smaller than the Kondo tempera- 
ture Tk- We have shown that the spin conductance is sim- 
ply related to the phase shift of the Cx spinor, and that the 
two-channel Kondo fixed point can be identified by tuning the 
device parameters to obtain perfect spin conductance. Devia- 
tions from the fixed point, because of channel anisotropy and 
external magnetic field at the quantum dot site, are shown to 
lead to a spin insulator 

This work was supported by the Packard foundation. 
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